The behavior of two·dimensional Lagrangian field theory under the conformal transformations is investigated and compared with the larger dimensional case. It is shown that there exists a close parallelism between both cases, in spite of the very large difference between the structures of their respective conformal groups. The only novel feature of the two.dimensional case is an additional condition (0"++=0" __ =0) for the full conformal invariance of Lagrangian. The same condition is also necessary for the existence of the "improved energy-momentum tensor", even if we consider only the transformations of the subgroup corresponding just to the full group in the larger dimensional case. §
In high-energy reactions, the effects of the masses of participating particles may become negligible and thus the asymptotic scale invariance may be attained. This naive idea was developed up to the conjectures of various scaling laws, * 1 " 11 which were actually confirmed by experiments. Thus, considering also the fact that the scale invariance also guarantees the conformal invariance in many examples, the problem of the conformal invariance in the Lagrangian field theory is now exciting much interest.
On the other hand, it is expected that, the higher the energy becomes, the more the two-dimensional (one time and one space) aspect of the whole fourdimensional world may be emphasized. For example, the Bjorken scaling is understood as a reflection of the light-cone singularities of current commutators. 21 Therefore we expect that the investigation of (more tractable) two-dimensional field theory may be of great use for our understanding of high-energy phenomena in the actual four-dimensional world.
In working along this line, it is important to distinguish between the features peculiar only to the dimension N = 2 and those common to all N. Very often the situation varies drastically as the space-time dimension changes. For example, the (connected) conformal group is the [(N+1) (N+2)/2]-parameter group when N>2, whereas when N=2 it is a very large groUp with an infinite number of parameters.
The purpose of the present paper is to investigate the behavior of two-dimensional Lagrangian field theory under the conformal transformations and to clarify the difference and the similarity with the N>2 case. There have already been published several literatures 3 l~6l concerning the conformal transformations in the Lagrangian field theory. However, as far as the present author knovvs, they are almost entirely concerned with the N = 4 case. The two-dimensional conformal group has been discussed by many authorsn.sl mainly in connection \Yith the dual resonance model. But those discussions are scattered in pieces from reference to reference, or otherwise their analyses stressed more or less the algebraic (representation theoretical) aspects of the problem. In the present paper we shall perform an analysis in a different way: We shall consider the problem from the Lagrangian point of view and analyze in a direct and rather elementary way, since vve feel this is convenient for the comparison between the N = 2 and 1V>2 cases.
Our main findings are as follows: There exists a close parallelism bet\veen N = 2 and N>2 cases, in spite of the very large difference between the structures of their respective conformal groups. The only novel feature of the 1V = 2 case is that an additional condition [ § 4, Eq. ( 4 ·14)] is required for the full conformal invariance of Lagrangian. The same condition is also necessary for the existence of the "improved energy-momentum tensor" , 9 l even if we consider only the transformations of the subgroup corresponding just to the full group in the N>2 case.
This close parallelism encourages our expectation mentioned in the second paragraph.
We shall begin with a brief review of the conformal group in § 2, and the transformation law of fields will be derived in § 3. After these preliminaries, in § 4, we shall derive the conditions for the conformal invariance of Lagrangian and the expressions for the conformal currents. The improved energy-momentum tensor will be discussed in a separate section ( § 5) . The last section ( § 6) will be devoted to the concluding remarks together with some model Lagrangians. § 2. The conformal group We use a metric such that the signature of the metric tensor is ( +; --· · ·-), and the usual summation convention over the repeated indices is understood unless otherwise stated. The conformal group is the group of coordinate transformations :r''-->x'~", which leaves the metric invariant except for <tn overall sc<tle f<tctor A (:r), (2 ·1) Throughout the present paper we consider only its connected subgroup. 
where, of course, ooi'" = -ool 11 • In the following, we shall consider mainly the case N = 2, but use the same terminology as in the case N>2; e.g., we refer to the transformations described by () Particularly under the translations (n = 0) there occurs no mixing of species and components so that (3 ·4) In the following we shall neglect the indices a, {3 of the fields; the matrix notation is understood. Following the standard prescription, let us first consider the representation of the "stability subgroup" at x=O."l,Bl Equation (3·3) leads to (3 ·5) In order that Eqs. (3 · 5) may be compatible with each other, the matrices Tnl must obey the C.R. of the same form as (2 ·12):
A(/1) = +, -; not summed over A.
Using the C.R. between PP=Lop and Lnl [(2·12)], we obtain
and therefore, by (3 · 5) and (3 · 7),
that is,
The C.R. between Tnl(x) is easily calculated using (3·6):
This C.R. guarantees the compatibility of Eqs. (3 · 3), namely, the C.R. between
{(x±)nio±+Tn±(x)}'s of the same form as (2·12). Combining (3·9) with (3·2)
, we obtain the following transformation law of ¢(x) under the general conformal transformations x"-+x' +ox':
where ()/"') denotes the /~ times differentiation with respect to x 1 .
The correspondence with the ordinary 1V = 4 case becomes clear, if we Introduce the matrices d, .I:~v and IC" defined by
Here 
In terms of these matrices, Eq. (3 ·12) can be rewritten as
In Eq. (3 ·15) and in the following, ' 2:: means that the summation should be taken l~+.-over }. = + and -, but not A= 0 and 1. Only in such terms we write explicitly the summation symbol L· It will be omitted when it does not matter whether the summation is taken overt\=+,-or ,\=0,1:
The transformation property of the fields rp is completely determined by (3 ·12) or (:3 ·15), if the representation of the algebra (3 · 6) in the rp (0) space is appropriately chosen. This choice of representation is a matter of physical assumption; for example, it may differ depending on how many and what kind of fields are contained in the theory. Further discussion on this point and examples will be g1ven m § 6. § 4. Conformal invariance and conformal currents
General framework
Let the Lagrangian density be 1=1(rp, arp). Variation of the action A due to the coordinate transformations X--"X + i5x is given by 11 ) vvhere S d":r JS the N-fold integration over the space-time and 
Two-dimensional conformal invariance
Let us now apply the above general formalism to the case of the conformal transformations of two-dimensional field theory.
Substituting (3 ·15) into ( 4 ·1) and performing some manipulation using the E-L equation, etc., we obtain = t(a"ox 1 -a 1 ox") .
In deriving Eq. ( 4 · 7), we have utilized the following relations clue to the antit>ym-metry of .S "1 and the property (2 · 9) o£ ox:
(a"ox 1 ) n"a1¢ = ~ (a1ox 1 ) n"a"¢ + ~ (EJC"· ox 1 l) (npal¢ -n~apfp), The left-hand side of ( 4 ·10) explicitly contains ,£, so that it can never be written in the form o£ a"B 1 ': If the dilatation in variance holds, the corresponding B 1 ' must be again zero.
cJ) The invariance condition under the special conformal transformations r)x 1 =ocv (2x 1 x'-g 1 'x 2 ) is, in addition to Eqs. (4·9) and (4·10), n1,d¢ + n''.S1,/P = a"u "" , 
Conformal currents

Equation (4·4) combined with (3·15) gives
Jp" = ox'Tg, + 2_ (8"ox 1 ) 
where Tg-,. 1s the canonical energy-momentum tensor, Tg.,. =np8,¢-gp,J:. 
k;;;< l~,.-k! case, however, we shall consider the problem in the form for general 1VC>2). Of course, we assume the existence of (J"' so that our working formula is Eq. ( 4· 24).
The case zn which ( 4 · 14) zs satisfied
In this case, the desired (},'" really exists for any 1V>2, and all of the followmg formulas are valid for all 1V. Examples of cerrents and generators in terms of 6 are:
Obviously fJPStt=6/. For the general conformal current JP=ox<ep<, we have f}P JP = (1/ N) (fJ<ox<) 6/. Thus we conclude:
[A] If 6tt, exists, the dilatation invariance (i.e., 6/=0) guarantees automatically the full conformal invariance, irrespectively of space-time dimension N. Immediate consequences from [A] combined with the discussion given in § 4.2 are:
[B] If Opv does not exist, then the 6ttv does not either.
[ C] When N = 2, unless the condition ( 4 ·14) is satisfied, such 6 P' does not exist that is Valid for full COnformal groUp (which involveS OX< SUCh that fJ"f}f-lfJ/)x<
The case in which ( 4 ·14) does not hold
This is the case to which the above statement [C] applies. So, in this subsection, let us restrict ourselves only up to the special conformal transformations (for which ()'()~8/Jx" = 0), and seek for the (} ~' having the desired properties within these restricted transformations. Note that, for N>2, this is not the restriction at all. Even for N = 2, these restricted transformations are physically interesting in that they form a subgroup corresponding just to the full conformal group in the actual N = 4 world.
Our conclusion is as follows. For N=2, the desired(}~, does not exist: Even within the above restriction, Eq. ( 4 ·14) is the necessary and sufficient condition for the existence of (}~,. This is peculiar to the N=2 case: For 1V>2, the(}~, exists irrespectively of ( 4 ·14).
Let us now prove the above conclusion. Referring to Eq. 
which guarantees the (}~, to be a symmetrical energy-momentum tensor. Next, differentiating (5 · 5) and using (5 · 6), (5 · 7) and (2 · 3), we obtain
However, the last term vanishes for the restricted transformations under consideration, so that we get (5 ·8) The problem is now to find such Y,,. Due to the E-L equations, tl/=0: The full conformal irrespectively of the value of the scale dimension d~.
1nvanance 1s guaranteed
Also for the Thirring model, 13 ) the situation is quite analogous: Again 0"p,=O, 8p,=Tp, and tl/=0.
3) An example of interacting scalar and Dirac fields
We shall present only the essential points.
"rcpd¢¢ + n"2:p,¢" = dy[ t8 p (9') + g ((/i rpc/J) 9].
If dy=/=0, the (} pv does not exist unless g = 0. If dy = 0, then (} pv = 0 and the full conformal invariance holds for any values of g and d<P. The situation does not essentially change even when the coupling term is replaced by g ((ji rPr5cfJ) (8P g>). If, instead, the coupling is of the form g((j}cp)g> or ig(rpr5c/J)g>, then the O"p, exists [O"pv = dyg PvY?'/2], but the dilatation in variance is broken. It is also obvious that, if the mass terms are added to any of the above examples, then the dilatation invariance is again broken.
Note that, in the first two examples, the condition ( 4 -14) is automatically fulfilled. Particularly for the case of a single Dirac field, O"t<, is zero irrespectively of its scale dimension d<P and we have no features peculiar to the N = 2 case. This is encouraging to our expectation that the two-dimen.sional theory may be of great use for our understanding of high-energy phenomena in the actual N=4
world. In order to go further along this plan, of course, it is necessary to take into account the effects of field quantization and renormalization, *l which has not been done in the present paper. Another important problem is also left untouched; it is the question concerning the compatibility of the causality and the conformal in variance.
